We find the greatest value p and the least value q in 0, 1/2 such that the double inequality H pa 
Introduction
Then it is not difficult to verify that f x is continuous and strictly increasing in 0, 1/2 . Note that f 0 
Proof of Theorem 1.1
Proof of Theorem 1.1. Let λ 6 − √ 6 /12 and μ
Then from the monotonicity of the function f x H xa 1 − x b, xb 1 − x a in 0, 1/2 we know that to prove inequality 1.8 we only need to prove that inequalities 
2.4
Then simple computations lead to From 2.27 we clearly see that g 2 5 t is strictly increasing in 1, ∞ , then inequality 2.32 leads to the conclusion that g 2 5 t > 0 for t ∈ 1, ∞ , hence g 2 4 t is strictly increasing in 1, ∞ .
It follows from inequality 2.31 and the monotonicity of g 2 4 t that g 2 t is strictly increasing in 1, ∞ . Then 2.30 implies that g 2 t > 0 for t ∈ 1, ∞ , so g 2 t is strictly increasing in 1, ∞ .
From 2.29 and the monotonicity of g 2 t we clearly see that g 2 t is strictly increasing in 1, ∞ . From 2.5 , 2.7 , 2.9 , 2.11 , 2.13 , 2.16 , and the monotonicity of g 2 t we conclude that g t > 0 2.33 for t ∈ 1, ∞ . Therefore, inequality 2.1 follows from 2.3 and 2.4 together with inequality 2.33 . for t ∈ 1, 1 δ . It follows from 2.3 -2.5 , 2.7 , 2.9 , 2.11 , 2.13 , and 2.16 that I a, b > H ra 1 − r b, rb 1 − r a for a/b ∈ 1, 1 δ .
Finally, we prove that the parameter μ 1 − 1 − 2/e /2 is the best possible parameter in 0, 1/2 such that inequality 2.2 holds for all a, b > 0 with a / b. In fact, if 1 − 1 − 2/e /2 μ < r < 1/2, then 2.6 leads to lim t → ∞ g t > 0. Hence, there exists T > 1 such that g t > 0 2.41
for t ∈ T, ∞ . 
